In this note we establish a Serrin-type regularity criterion in terms of pressure for Leray weak solutions to the Navier-Stokes equation in R d . Here we call u a Leray weak solution if u is a weak solution of finite energy, i.e. 
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Introduction
Consider the Navier-Stokes equations in R
where u = u(x, t) is the velocity field, p = p(x, t) is the scalar pressure and a(x) with div a = 0 in the sense of distribution is the initial velocity field. For simplicity, we assume that the external force has a scalar potential and is included in the pressure gradient.
In their famous paper, Leray [1] and Hopf [2] constructed a weak solution u of (1.1) for arbitrary a ∈ L most significant open problems in mathematical fluid mechanics (see also a recent paper of Y. Zhou [3] [4] [5] [6] [7] [8] ). We note here that there are partial regularity results from Scheffer and from Caffarelli, Kohn and Nirenberg (see [9, 22] and references therein). On the other hand, the work was pioneered by Serrin [10] and extended and improved by Giga [11] , Struwe [12, 13] and Zhou [8] . Further results can be found in [14, 9, 15, 16] , and references therein. On the other hand, the regularity of a given weak solution u can be shown under an additional condition. Introducing the class L [10] showed that if we have a Leray-Hopf weak solution u belonging to L
with the exponents α and γ satisfying
while the limit case 2 α + d q = 1 was covered much later by H. Sohr [17] (see also [18] ). Here we mean by the weak solution
σ satisfying (1.1) in the sense of distributions (Definition 2). Recently, Gala [15] proved that if a Leray-Hopf weak solution u(x, t) satisfies the following condition:
Regularity results including assumptions on the pressure have been given by Kaniel [19] , and more recently a final result has been obtained by Berselli and Galdi [20] (a much simpler proof was given by Zhou [4] , very recently). It is shown that if
≤ 2, then the corresponding weak solution actually is strong.
The purpose of this work is to establish a Serrin-type regularity criterion in terms of the pressure for weak solutions to the Navier-Stokes equations in the class L
For more facts concerning regularity of weak solutions, we refer the reader to the celebrated papers of Y. Zhou [3] [4] [5] [6] [7] [8] . Now, we recall the definition and some properties of the space that we are going to use. These spaces play an important role in studying the regularity of solutions to partial differential equations; see e.g. [15] and references therein. 
We have the homogeneity properties:
The following imbedding:
X r is wider than L d r , the above regularity criterion is an improvement on Zhou's result and hence our regularity criterion covers the recent result given by Zhou [7] .
Regularity theorem
In this section we give the regularity criterion involving the integrability of the pressure for the Leray-type weak solution of the Navier-Stokes equation (1.1). We start with some prerequisites for our main results. Let 
, for r ≥ 0.
Next we recall the definition of Leray-Hopf weak solutions (see [1] ). 
Definition 2 (Weak Solutions
Our result on the regularity criterion for weak solutions now reads as follows.
Theorem 1 (Regularity Criterion
). Let a ∈ L 2 R d ∩ L q R d for some q ≥ d,
and ∇.a = 0 in the sense of distributions. Suppose that u(t, x) is a Leray-Hopf solution of
(1.1) in [0, T ). If the pressure p satisfies p ∈ L γ (0, T ) , . X r R d with r ∈]0, 1] and γ = 2 2 − r ,(2.
2) then u(t, x) is a regular solution in the sense that
In order to prove Theorem 1, we recall the well-known pressure-velocity relation in R d , given by
are the Riesz transforms in R d . The Calderón-Zygmund inequality implies, then,
We recall the following result due to Y. Giga [11] (see also [21] ) that will be used in the proof of Theorem 1. BC denotes the class of bounded and continuous functions. 
with the constant C independent of T * and α.
(c) Let u be a strong solution satisfying
We make two remarks.
Remark 2. The existence of weak solutions is generally known but their uniqueness and regularity remain open problems.
. H 1 σ was constructed by Leray as the initial velocity a ∈ L 2 σ , such that u satisfies the energy inequality.
Remark 3. By a strong solution we mean a weak solution of the Navier-Stokes equation such that
It is well-known that strong solutions are regular (we say classical) and unique in the class of weak solutions.
Proof of Theorem 1
The proof consists in first obtaining a continuation principle for strong solutions and then in applying it to weak solutions.
Proof.
It is proved by Kato [21] and Giga [11] that the weak solution u is smooth in some time interval (0, T 0 ). In particular,
and u is in the class (2.4). Thus, for any T > 0 we assume that u is a smooth solution to (1.1) on R d × (0, T ) and will establish a priori bounds that will allow us to extend u for all time. Hence, it suffices to establish the following a priori estimate:
where C is independent of T .
In order to prove our main result, we multiply both sides of (1.1) by αu |u| α−2 for some α ≥ d; we obtain after suitable integration by parts
for t ∈ (0, T ). Let w = |u| α 2 . Then Cauchy's inequality implies that
Let us estimate the integral
on the right hand side of (3.2) . By the Hölder inequality and the Young inequality we have
Here we made use of the Young inequality with :
then by (3.2) and the above equality, we derive Remark 4. This proof can be adapted to the Navier-Stokes equation in the Morrey-Campanato space and used to discuss the regularity of the weak solution in the related spaces, and this will be presented separately.
